Analysis and design of flow fields for proton exchange membrane fuel cell (PEMFC) require coupled solution of the flow fields, gas transport and electrochemical reaction kinetics in the anode and the cathode. Computational cost prohibits the widespread use of three-dimensional models of the anode and cathode flow fields, gas diffusion layers (GDL), catalyst layers (CL) and the membrane for fluid flow and mass transport. On the other-hand, detailed cross-sectional two-dimensional models cannot resolve the effects of the anode and cathode flow field designs. Here, a two-dimensional in-plane model is developed for the resolution of the effects of anode and cathode flow channels and GDLs, catalyst layers are treated as thin-layers of reaction interfaces and the membrane is considered as a thinlayer that resist the transfer of species and the ionic current. Brinkman equations are used to model the in-plane flow distribution in the channels and the GDLs to account for the momentum transport in the channels and the porous GDLs. Fick's law equations are used to model transport of gas species in the channels and GDLs by advection and diffusion mechanisms, and electrochemical reactions in the CL interfaces are modeled by Butler-Volmer equations. Complete features of the flow in the channels and inlet and outlet manifolds are included in the model using resistance relationships in the through-plane direction. The model is applied to a small cell having an active area of 1.3 cm 2 and consisting of 8 parallel channels in the anode and a double serpentine in the cathode. Effects of the anode and cathode stoichiometric ratios on the cell performance and hydrogen utilization are investigated. Results demonstrate that for a sufficiently high cathode stoichiometric ratio enough, anode stoichiometric ratio can be lowered to unity to obtain very high hydrogen utilization and output power.
NOMENCLATURE

Abbreviation
INTRODUCTION
Proton exchange membrane fuel cell (PEMFC), also known as polymer electrolyte membrane fuel cell, is a promising energy conversion device that can be used in the stationary and portable applications. The main advantages of PEMFC are high efficiency (almost twice the conventional internal combustion engines), high power density, fast start-up time, low operating temperature (less than 80 °C), and low emission. However, disadvantages such as high cost due to cost of the platinum as catalyst material and hydrogen storage, and degradation issues are barriers against their commercialization [1] [2] [3] [4] .
A complete model of the PEMFC consists of multi-physics interactions such as flow, species transport, electrochemical reactions, phase change, heat transfer, and structural mechanics. To attain a reasonable computational time, for the expanse of accuracy and geometric complexity lower-dimensionality models are preferred, while more assumptions and simplifications are used for higher-dimensionality models. Karvonen et al. [5] developed two and three-dimensional models to investigate a uniform flow distribution in parallel channels used for the cathode side to enhance the cell performance. Authors reported that mesh for the 3D model consists of 180K elements and 1.2M degrees of freedom (DOF) for a 12 by12.6 cm flow field. Rostami et al. [6] developed a three dimensional model to investigate the effect of the bend size of a serpentine flow field on the performance of the PEMFC. They performed a grid independence test and found that for the channels with square bend size of 1.2 mm about 500 K cells are required. Hu et al. [7] employed a three-dimensional model to investigate the effects of the interdigitated and conventional flow fields on the cell performance. They utilized about 400 K grid size to mesh a single channel with the length and width of 6 and 0.07 cm and half of ribs at each side of the channel used for the anode and cathode sides, and components between them. Vazifeshenas et al. [8] developed a three-dimensional CFD model to compare the effect of the parallel, serpentine, and compound flow fields on the PEMFC performance. According to their results, 690K elements are needed for mesh independent results for a flow field of 5 by 5 cm. In this study, the grid size and DOF are reduced significantly by developing a 2D in-plane model with resistance relationships used for the through-plane direction and complete details are kept for the flow channels and inlet and outlet manifolds in the anode and the cathode.
Evaluating the exact flow distribution in a porous medium by solving Navier-Stokes equations is difficult as it is based on the definition of the geometry of the complex porous structure [9, 10] . Darcy's law, which uses volume-averaged quantities, is the standard approach for the flow in a porous medium. Whitaker [11] applied volume averages to the Stokes momentum equation and obtained a more general equation than the Darcy's law and similar to the form proposed by Brinkman [12] . In addition to the terms in the Darcy's law, Brinkman equation contains an extra source term that represents the drag force of the fluid at the boundaries of the solid phase of the porous medium and the walls of the domain. Darcy's law is used to model flow fields in the GDL and CL because of its simplicity [13, 14] ; however its accuracy is less than Brinkman and Navier-Stokes equations. Shi and Wang [15] applied Darcy's law, Brinkman equation, modified Navier-Stokes, and pure diffusion equation to the anode and cathode electrodes (GDLs and CLs). They reported that using Brinkman equation can improve the boundary condition problems of Darcy's law, and the convergence problems arise from the modified Navier-Stokes equation. Brinkman equation is solved in the porous medium instead of Darcy's law in many recent models [16, 17] . This paper concerns a two-dimensional, single-phase, inplane, and isothermal model of the anode and cathode flow fields and GDLs of a PEMFC. Brinkman equation is used to model flow distribution in the channels and the GDLs, and it is coupled to the mass transfer of species along and across the flow field by advection and diffusion mechanisms, Fick's law, and reactions kinetics, Butler-Volmer, equations. Anode and cathode sides are coupled with the resistance relations in the through-plane direction. First, the polarization curve from the model is validated against the polarization curve reported by Ye & Van Nguyen [18] . Moreover, the effects of the anode and cathode stoichiometric ratios on the cell performance, hydrogen utilization, and species distribution in the flow fields are investigated.
METHODOLOGY
A two-dimensional model of the anode and cathode flow fields and GDLs is developed. Modeling both anode and cathode channels and GDLs in 2D in-plane by projecting them on a single surface is demonstrated in 
Governing equations
Brinkman equations are used to model the flow distribution in the flow fields and GDLs, Fick's law to model species transport through the membrane and in the flow field resulting from both diffusion and advection mechanisms, and ButlerVolmer equations to determine electrochemical reactions kinetics at the anode and cathode CLs. These models are coupled and solved simultaneously to achieve a comprehensive model that describes the flow distribution, transport of species, and the cell voltage. Values of the parameters used in this model are listed in Table 1 .
Fluid flow
Brinkman equations, which are more generalized than Darcy's law [19, 20] , take care of both stress and fluid transfer at the boundaries of the void medium, channel, and the porous GDLs, by including viscous momentum transfer at the interfaces between solid and pore domains that the porous and non-porous fluid regions are coupled easily. Therefore, heterogeneous domains can be represented easily in two-dimensions.
Brinkman momentum and mass conservation equations are:
where p is the pressure, u the velocity vector, µ the dynamic viscosity, K the permeability of the porous region, and S br is the mass source which is from the reactions of hydrogen and oxygen at the CLs and transfer of nitrogen and water vapor across the membrane. The last term in the right-hand-side of Eq. (1) is from the Darcy's law which is due to the viscous friction of the fluid at the boundaries of the solid phase of the domain. Porosity and permeability of the channel are determined based on the Hele-Shaw relation which is used for a viscous flow between 
Here, h is the height of the channel. Brinkman equations impose the mass and momentum transfer between the channels and GDL by means of this artificial permeability used for the channel and the GDL permeability, and the porosities of the channels and GDL.
Brinkman equation is solved over the flow fields to determine the velocity distribution in the channels and GDLs. A constant flow rate based on the stoichiometric ratio of the anode and cathode sides at a reference current density, 1 A/cm 2 , is specified at the inlets, 1.5 atm pressure is set to the outlets, and no-slip boundary condition is used at the walls of the anode and cathode flow fields.
Mass transfer
Advection and diffusion transport of species in the flow fields developed by Brinkman equations and across the membrane is determined by Fick's law [22] :
where w is the mass fraction, ρ the density, D the diffusion coefficient, u the convective velocity form the Brinkman equation, S the reaction rate, and i denotes the species, which are hydrogen and water vapor in the anode, and oxygen, nitrogen and water vapor in the cathode. One of the species on each side can be obtained from the conservation law:
Diffusion coefficient of the hydrogen and water vapor at the anode side, and oxygen, water vapor, and nitrogen at the cathode side are given by [18] Here, T and p are operation temperature and pressure, respectively. Bruggeman correction is used to determine diffusion coefficients of the species in GDL based on their values in the channels [23] :
where ε is the porosity. Through-plane flux of hydrogen that takes part in the reaction at the anode CL is given by:
Here, F is Faraday's constant, J cell the current density, and J loss the parasitic current density due to the loss of hydrogen diffusion to the cathode side and defined as a function of the mole fraction of hydrogen:
where J loss,0 is a constant determined from the permeance of hydrogen through the membrane.
Inward flux of the water vapor to the anode side is a function of current density and membrane water content at the anode and cathode CLs:
  where a is the water activity:
where P sat is the saturation pressure of water at the operation temperature. Resistance to the water transport across the membrane is defined as:
Here, k ads and k des are the adsorption and desorption coefficients, and D λ the diffusion coefficient of water in the membrane. Adsorption and desorption coefficients are given by [24] : 
where f v is the volumetric ratio of the liquid water in the membrane and determined by: Flux of the oxygen that takes part in the reaction at the cathode catalyst layer is determined by:
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Flux of water vapor from the cathode to the anode is determined from the generated water at the cathode side and inward flux of the water vapor to the anode side:
The right hand side of the Fick's law equation, the source term in Eq. (4), is the reaction rate of species. Reactions of the species at the catalyst layers are defined based on their fluxes in the through-the-plane direction:
where d eff is the effective depth of the channels and GDLs:
Here, V Total is the total volume available to the species in the channel or GDL, A active the active area, h ch the channel height, and h GDL the GDL height.
Reactions kinetics
To model potential distribution in the cell, conservation of charge is applied to the electrolyte and electrodes: 
where σ and ϕ are the electric conductivity and potential, respectively, and subscripts e and s denote electrolyte and electrodes, respectively. Anode electrode is chosen as the ground electrode and cathode electrode potential is the sum of the reversible cell potential, V rev , activation overpotentails, ∆V an and ∆V ca , and ionic and ohmic potential drops, ∆V m and ∆V ohm , as follows:
The reversible cell potential is given by [26] : 
where a i is the ratio of the pressure of species i to the operation pressure, and V 0 is the open-circuit potential and given by [27] :
Resistance of the membrane against ionic current leads to ionic potential drop which is a function of membrane water content, temperature, and current density. Ionic conductivity of the membrane is approximated linear over the membrane based on its value at the anode and cathode CLs: 
Resistance of the cell components against the movement of electrons results in the ohmic potential loss:
Here, R solid is the total electric resistance of the solid components of the cell which is estimated from the slope of the polarization curve of the experiments.
Anode and cathode activation overpotentials can be determined by applying a concentration modified form of the ButlerVolmer equation to the anode and cathode sides and solve the system of equations for the overpotentials: 
The unknowns are the velocity field, molar fraction of hydrogen at the anode side, molar fractions of oxygen and water vapor at the cathode side, and the cell potential. These unknowns are calculated by coupling and solving all above mentioned equations. Quadrangular mesh is used to discretize the modeling domain. To certify the accuracy of the numerical results, a grid convergence study is carried out. Polarization curves obtained from the model with the stoichiometric ratios of 3 and 1 for the cathode and anode sides, respectively, are compared for different grid sizes, as shown in Fig. 3 . The minimum grid size that can be used to mesh the model geometry is about 2 K. Figure 3 shows the polarization curves for the grid size of 2, 8.5, and 19 K. The difference between the polarization curves is negligible. Therefore, the grid size of 2 K is chosen which results in the number of degree of freedom (DOF) of 48 K. Fully-coupled solver using Newton iterations with relative tolerance of 10 -3 and direct MUMPS is employed to solve the linear system of equations.
RESULTS
In order to verify the developed model, the polarization curve obtained from the model is compared to the one reported by Ye & Van Nguyen [18] . Moreover, effect of the anode and cathode stoichiometric ratios on the cell performance, hydrogen utilization, and species distribution in the flow field are investigated.
Model validation
Accuracy of the model developed in this study is examined by validating the polarization curve obtained from the model with single phase assumption against the polarization curve reported by Ye & Van Nguyen [18] . Figure 4a shows the representation of the reduction of the 3D model to 2D in-plane model. Here, channels and GDLs are placed on a single plane and CLs and membrane are treated as thin layers. In addition to the geometry, physical model and parameters reported by Ye & Van Nguyen [18] for the single phase model are applied to the 2D model and the polarization curves are compared, as demonstrated in Fig. 4b with very good agreement between the polarization curves. The maximum error between the cell potentials is 36 mV at Jcell = 15600 A/m 2 .
Species distribution
Stoichiometric ratio plays an important role on the cell performance and defined as the ratio of reacting amount of species to the amount supplied from the inlet for hydrogen in the anode and oxygen in the cathode. Typically, cathode stoichiometric ratio must be significantly larger than unity due to slow kinetics 6 Copyright © 2018 ASME
